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Série 5a Solutions

Exercise 5a.1 - Torsion of a spinning ship

The ship at A has just started to drill for oil on the ocean floor at a depth of 1525 m (Figure 5a.1).
Knowing that the top of the 0.2 m diameter steel drill pipe (G = 77.2 GPa) rotates through two
complete revolutions before the drill bit at B starts to operate, determine the maximum shearing
stress caused in the pipe by torsion.

1525 m

Figure 5a.1 | Drilling ship in torsion.

Solution - Exercise 5a.1

Find the maximum shearing stress caused in the pipe by torsion

L =1525m
1
¢=5d=01m (5a.1.1)
TL Gl
$=g>T = £d (5a.1.2)
Tc Glpdp (c Goc
_t_ —) == 1.
LT (IP) L (5a.1.3)
¢ =2rev=2x2m =12.566rad (5a.1.4)
77.2-10° Pa)(12.566 rad)(0.1 m
T= ( )1(525 - it ) _ 63614622 Pa ~ 63.6 MPa (5a.1.5)
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Exercise 5a.2 - Torque of a composite bar in torsion

Consider the following composite bar in Figure 5a.2 (the shear moduli are indicated in
parenthesis). The cross-section is circular. The bar is clamped at one end. A torsion angle of 2° is
measured at the free end of the bar.

Determine the torque, T, applied at the free end of the bar.

20cm 10 cm 5cm

Al (G=25.5GPa) I lcm

Figure 5a.2 | Composite bar.

Solution - 5a.2
Determine the torque, T, applied at the free end of the bar

First consider the polar moment of inertia ,. It only depends on the geometry of the bar. We call d the
diameter of the bar.

T 4
Ip =354 (5a.2.1)

Then, we calculate the separate stiffness k of the three respective portions of the bar. Calling L the
length of the bar, it gives us for each portion:

IP
ke = G (5a.2.2)
X

The equivalent stiffness of serial portions is the indirect sum of the respective stiffness of each
portion of the bar. Therefore:

keq = (kieon + Kange + Kduiow) (5a.2.3)
To conclude, we obtain the torsion T with respect to the torsion angle ¢ thanks to the law:
T =lkeg*¢ (5a.2.4)
Substituting, the numerical application gives:

T=51N-m (5a.2.5)
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Exercise 5a.3 - Torsion along a bar

A bar AB of solid cross section (diameter d) is loaded by a distributed torque (see Figure 5a.3).
The intensity of the torque, the torque per unit distance, is denoted t(x) and varies linearly from a
maximum value t, at the end A to zero at the end B. The length of the bar is L and the shear modulus
of the material is G.

a) Calculate the internal torque in the bar as a function of x, T;,,; (x).

b) Determine the point of maximum internal torque in the bar.

c) Determine the maximum internal torque, T,,,,, and the maximum shear stress, 7,,,,, in
the bar.

d) Determine the angle of twist, ¢, between the ends of the bar.

Figure 5a.3 | Bar under torsion.

Solution 5a.3
What is given?
Torque per unit distance in A: t,
Torque per unit distance in B: 0
Shear modulus: G
Length of the bar: L
Diameter of the bar: d
Principles
The torque per unit distance varies linearly from point A to B.
The shear stress distribution when the Shear modulus is not constant.
What is asked

Calculate the torque in the bar as a function of x

Determine the point of maximum torque in the bar.

Determine the maximum torque T, ,, and the maximum shear-stress 7,,,, in the bar.
Determine the angle of twist ¢ between the ends of the bar.

Equations required
Angle of twist:

T(x)
¢ = f < ¢, )dx (5a.3.1)
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Second moment of inertia for circle cross-section

md*
=— 5a.3.2
General torsion formula:
T = f T(r)rdA (5a.3.3)
A
Torsion formula for circular cross-section body:
7 = Zimaxly (5a.3.4)
d
Tint(x Tint(x)
4 ]
0 X X L
T ——

Figure 5a.3.2| Schematic showing the differential section taken to integrate the moment.

Solution approach OPTION A

We place the origin in point A and positive pointing towards B.

a) Calculate the internal torque in the bar as a function of x, T;,;(x).
If we cut a section of the beam and we take the section from x to L (point B), we can write:

L L L xl
f t(x) dx' — Ty = 0 = Tipe(x) = f t(x) dx' = f ta (1 — —) dx' (5a.3.5)
X X X L
L —x%\ t,L X\ 2
Tint(x) =t,|L—x— oL = 7(1 — Z) (5a.3.6)

b) Determine the point of maximum internal torque in the bar.

We can clearly see that T, (x) is always positive with a maximum value for x = 0, which means at
point A:

Xmax =0 (5a.3.7)

c) Determine the maximum internal torque, T,,,,, and the maximum shear stress, t,,,,, in the
bar
From (b), the maximum internal torque is then:

Lt
Tmax = iTlt(O) = Ta (5038)

The maximum shear-stress is gotten from Torque formula:
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T L
Tine = 2 mzlx P (5a.3.9)
This implies
a3\
max 2T d\®> md3
™(2)

d) Determine the angle of twist, ¢, between the ends of the bar

Finally, to calculate the angle we use:

Tine (X Lt (x
6 =T gyt gy = [Ty,
GI, o Gl
(5a.3.11)
LTint(x)
b5 =pG=1)= dx
0 Glp
Then:
L L 2 2
tqlL x\2 toL T L x\3 tqy L 16L°t,
_ 1.2 - 21| 22222 50.3.12
& fo ZGIp( ) dx 2(;1,,[ 3(1-7) ]0 G, 6 3mGd* (a312)

Solution approach OPTION B
We place the origin in point A and positive pointing towards B.
a) Calculate the internal torque in the bar as a function of x, T;,;(x).

If we cut a section of the beam and we take the section from 0 (point A) to x, we can write:
f xt(x') dx' + T () =Ty =0 > Tipe(x) =Ty — f xt(x’) dx’' (5a.3.13)
0 0
Where T, is the reaction torque required to keep equilibrium in the bar:
Ty= jOLt(x’) dx’ (5a.3.14)

So using Eq 5a.3.13 in Eq 5a.3.14, we have:

Tine(x) =Ty — J;)xt(x') dx = J;)Lt(x') dx — Joxt(x') dx

L L l (50.3.15)
x
= f t(x) dx' = f tq <1 — —> dx'
X X L
L2 —x%\ t,L x\2
Tine () = tq|L—x———) = 7(1 — Z) (5a.3.16)

At this point, we can see that Eq. 5a.3.16 is the same as Eq. 5a.3.6, so the rest of solution for this
case, when we take the section on the left of the cut, reduces to the one described in option A.
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Exercise 5a.4 - Torsion with varied shapes

|Part 5a.4.1: Cylindrical bar in torsion

Consider the following shallow cylinder represented in Figure 5a.4.1. It is made of copper (G¢,, =
45 GPa). We clamp it and we apply a torque (T; = 5 kN - m) at the free end. Dimensions are given on
Figure 5a.4.1 (r;, = 10 cm,, = 5cm, L = 5 m).

a) Draw the free body diagram, write the equilibrium equation, and give the expression of
the internal Torque as a function of T,

b) Express the polar moment of inertia I, as a function of r1, 7, and L.

c) Determine the minimum shear stress at the section represented in Figure 5a.4.1(a)

(dashed red)?
d) Determine the torsion angle at the free end, ¢4, as a function of r4,r,, L, G, and T ,.

L1

R :

Cross-section . . . .
Side cross-section Right cross-section

(b)

Figure 5a.4.1 | System Description

Solution - 5a.4.1

a) Draw the free body diagram, write the equilibrium equation, and give the expression of the
internal Torque as a function of T,.

We can draw the free body diagram as:
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With
_TR + TO = 0 (561.4.1)

We cut the bar between O and A and we call M the point on the cut at the position of the axis. Tin is
the internal torque at this section.

r L

M €]04] M €]0A]
The equilibrium equations give us :
Toey — Tex =0 or  To— Ty =0 (5a4.2)
Ty = Tint (5a.4.3)
b) Express the polar moment of inertia I,, as a function of r4, 7, and L.

From the formula of the polar moment of inertia, we get the following. Inferior limit of integration
is the cylinder internal radius.

n nrt a(rt —r}
1p=fr2dA=21Tf r3dp=[—] =[—(1 )
A T 2 2

T2>T1

2

(5a.4.4)

c) Determine the minimum shear stress at the section represented in Figure 5a.4.1(a) (dashed
red)?
We are in the case of a thick-walled cylinder. Thin wall approximations do not work here. We
compute the minimal stress at radius r,, where the stress is minimal. From there, we get:

T()rmin TOrZ
Tomin = = = 1.7 MPa (5a.4.5)
mn L, (it —nh)

d) Determine the torsion angle at the free end, ¢, as a function of r{, 13, L, G, and T,

We simply compute the formula of the torsion angle and integrate along the bar. The cross section
being uniform, the integral is linear:

L L

T, T, T,L 2T,

(I) =f dx = f dx = = L (561.4.6)
! 0 IpGCu Ip GCu 0 Ip GCu nG (T14 - 7"24)
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Part 5a.4.2: Conical bar in torsion

Consider the full conical cylinder of Figure 5a.4.2. It is made of aluminum (G4; = 26 GPa). We
clamp it and we apply a torque (T, = 5 kN - m) at the free end. Dimensions are given on Figure 5a.4.2
(p; =10cm, 3 =5cm, L/2 = 2.5 m).

a) Express the radius of the cylinder as a function of r{,73,L, and x (x is the varying
parameter along the x-axis considering O’ as the origin).

b) Express the polar moment of inertia, Ip, as a function of rq, 3, L, and x.

c) Determine the torsion angle ¢,, where ¢, is the torsion angle at the free-end of the
aluminum bar as a function of 1, r3, L, G4;, and T .

L/2

Figure 5a.4.2 | System Description

Solution - 5a.4.2

a) Express the radius of the cylinder as a function of r{, 73, L, and x (x is the varying parameter
along the x-axis considering O’ as the origin).

If we consider the origin at 0’, then finding the radius is equivalent to finding the coefficients of a
linear function in the (x,y) Cartesian coordinate system.

=T
r(x)=r1+23 L

x (5a.4.7)

b) Express the polar moment of inertia, I,,, as a function of ¢, 73, L, and x.

We compute the polar moment of inertia. Integration is done considering only a circular cross-
section. Computation of the r(x) formula is done only after integration.

2

——=—(r1+2 I

= (50.4.8)

r mp* nrt m T3—1 \*
I, = frsz = Zﬂj p3dp = ] = x)
A 0

c) Determine the torsion angle ¢,, where ¢, is the torsion angle at the free-end of the
aluminum bar as a function of r{,r3, L, G4;, and T,

The question consists in calculating the integral along the bar.

L L

2 T, 2 T,
b2 =f L( ())G dx:f T o dx (50.4.9)
o IpX)Gy 0 7(7.1 +25B . 1X> GAL
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2T, -1 ToL ( 1 1 )

- Gy |6(r5 — 1) r3—1 \3 - 3Gy (ry —13) E_E
2 (r+ 25 x) ook
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Part 5a.4.3: Complex bar in torsion

We clamp the two bars of part 5a.4.1 and part 5a.4.2 together as shown in Figure 5a.4.3. A torque,
Ty, is applied at the free end of the bar.

a) Determine the torsion angle, ¢, at the free end of the bar, as a function of ¢p; and ¢,.
b) Calculate the numerical value of ¢.

Ly

L L/2

Figure 5a.4.3 | Complex bar with applied torque

Solution - 5a.4.3

a) Determine the torsion angle, ¢, at the free end of the bar, as a function of ¢, and ¢,.
We use the superposition principle:

b=¢,+¢; (5a.4.10)
b) Calculate the numerical value of ¢.
¢ = 3.8mrad + 143 mrad = 18.1 mrad = 1.03° (5a.4.11)
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Exercise 5a.5 - Torsion in a composite cone

Consider the circular bar in Figure 5a.5 (dimensions: D = 2 cm; L = 96 cm). The Young’s moduli
and Poisson’s ratios of the bar materials are E; = 35 GPa and v, = 0.25 in the left portion and Ez =
72.8 GPa and vg = 0.3 in the right portion. We apply a torque Ty = 10 N - m.

a) Calculate the numerical value of the shear modulus of both materials, G4 and G.

b) Determine the polar moment of inertia, I p, at position x of the bar as a function of D, x,
and L.

c) Calculate the numerical value of the maximum shear stress in the entire bar.

d) Calculate the numerical value of the torsion angle, ¢, of the free end of the bar.

SECTION

Figure 5a.5 | Schematic of the composite bar in torsion.

Solution - 5a.5
a) Calculate the numerical value of the shear modulus of both materials, G4 and Gg.

E, 35 GPa
= = =14 GP 5a.5.1
6= 3@+ v~ 20+ 025) GPa (5a5.1)
E 72.8 GPa
Gp B = 28 GPa (5a.5.2)

T2(1+vy 2(1+03)

b) Determine the polar moment of inertia (Ip) at position x of the bar as a function of D, x, and
L.

D D
d(x)=4D ——x OR r(x)=2D ——x (5a.5.3)
L 2L
@ =n-&=Zp (4—5)4 OR () =n-2=1D*(2 —1)4 (5a.5.4)
P 2 32 L p 2 2 2L

c) Calculate the numerical value of the maximum shear stress in the entire bar.

Tor
Ip(x)

t(x,r) = (5a.5.5)
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- 16T,
TMax\X) = ——————3
3(gq4_%
nD* (4 -7)
16T, 160w

= 20 MPa

tMax = T hs T 81076

d) Calculate the numerical value of the torsion angle of the free end of the bar.

3L TO

(L) = f AN

= ¢(0 > 2L) + ¢(2L > 3L)

JZL TO d + sz TO d
= X X
0 GAIP(X) 2L GBIP(x)

Ty J‘ZL dx +To f3L dx
Galy Ip(x)  GpJy Ip(x)

2L 3L
32T, |L{ 1 32T, |L[ 1
= —_— + p—
nG,D* 3\ 4% nGgD* [3\ 4 - %
L7 4y L7y

To 32( L L >+T0 32( L L )

TG, wD*\3(4—2)° 3(4)%) " G, mD*\3(4—3)3 3(4-2)3
T, 32 ;7\ T, 32 /56y 32T, L /7 56\
) () )
G, wp* \192) TG, "wp*“\192) T 7wp* "192\12 T 28
32T, L
- —_25.10°
7D* 192

32710  96-1072
= *
w16 - 1078 192
(NB: 5 mrad + 20 mrad)

2.5-107° = 25 mrad

(5a.5.6)

(5a.5.7)

(5a.5.8)

(5a.5.9)

(5a.5.10)

(5a.5.11)

(5a.5.12)

(5a.5.13)
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